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Abstract
This paper is devoted to the lower bounds on the maximum genus of graphs. A simple statement
of our results in this paper can be expressed in the following form:
LetG be a k-edge-connected graph with minimum degree , for each positive integer k(3), there
exists a non-decreasing function f () such that the maximum genus M(G) ofG satisﬁes the relation
M(G)f ()(G), and furthermore that lim→∞f ()= 1/2, where (G)= |E(G)| − |V (G)| + 1
is the cycle rank of G.
The result shows that lower bounds of the maximum genus of graphs with any given connectivity
become larger and larger as theirminimumdegree increases, and complements recent results of several
authors.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Recall that the maximum genus [13], denoted by M(G), of a graph G is deﬁned to be
the maximum integer k such that G admits a cellular embedding in an orientable surface
S of genus k. Since any cellular embedding of a graph into a surface has at least one face,
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Table 1
Lower bounds on the maximum genus for a k-edge-connected (also for k-vertex-connected) simple or non-simple
graph G with minimal degree at least 3
k Simple case References Non-simple case References
1 (G)/4 [4] 0 [1]
2 (G)/3 [3,4] 1 [1]
3 (G)/3 [4]
⌊
(G)+2
3
⌋
((G) = 3, 5) [1]
4 (G)/2	 [13]
⌊
(G)
2
⌋
[13]
the Euler polyhedral equation gives the following upper bound on the maximum genus of
a graph G (for any integer x, x	 denotes the greatest integer no more than x)
M(G)
⌊
(G)
2
⌋
,
where (G)= |E(G)| − |V (G)| + 1 is known as the circle rank of G (noting that the circle
rank of a graph is also commonly known as the cycle rank, cyclotomic number, or the better
number). A graph G is called upper embeddable if M(G)= (G)/2	.
The maximum genus of graphs has been an interesting topic in topological graph theory.
The relationship between the maximum genus and other graph invariants has drawn the
attention of many researcher’s (for example, see [4–9]). In particular, some papers have
focused on deriving the lower bounds on the maximum genus of graphs in terms of the
vertex-(or edge-)connectivity. A formerly known result (see [13]) states that every 4-edge-
connected graph G is upper embeddable, that is to say, the lower bound of the maximum
genus of every 4-edge-connected graph G achieves the upper bound (G)/2	. Therefore,
in studying the lower bounds of themaximum genus of graphs, we only necessarily consider
such graphs with (vertex-or edge-) connectivity 3. Based on this aim, papers [3,4,9] give
some tight lower bounds on the maximum genus for such simple graphs. But, as for a non-
simple graph we know less about it, especially for the graphs with the connectivity 1 or 2,
although paper [1] proved that  13(G) + 2	 is a lower bound on the maximum genus for
a 3-edge-connected non-simple graph G if (G) = 3, 5. These results are summarized in
Table 1.
In this paper, we consider the analogous problem, namely, the lower bounds on the maxi-
mum genus of graphs with connectivity 3. But here, we study the problem by combining
with not only the connectivity but also the minimal degree of a graph. A succinct form of
our results is described in the abstract of the paper. It follows from our results that the lower
bound on the maximum genus of a graph becomes larger and larger with the increase of
the minimal degree of the graph. Therefore, our results may be viewed as a supplement of
those listed in Table 1 for the connectivity k3.
Themain tool for obtaining the results is essentially Nebeský’s maximum genus theorem.
In Section 2 we give some lemmas (including Xoung’s and Nebeský’s maximum genus
theorems), and in Section 3 we give the main results.
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In the following, we explain some notations. For some other terminologies and notations
without explanations, we adapt them from [2]. The graphG= (V ,E) in this paper is ﬁnite,
possibly with multiple edges or loops. Without pointing out clearly, the graph G under
our consideration is connected. A graph is called simple if it has neither multiple edges
nor loops. Let A be an edge set of a graph G, then G\A is the graph obtained from G by
deleting all edges of A, and the signs c(G\A) and b(G\A) are denoted by the number of
the components of G\A and the number of the components of G\A with odd circle rank,
respectively. For a subgraph F of G, denoted by E(F,G) the edge set consists of all such
edges e ∈ E(G) such that one end vertex of e is in F but the other is not in F. Again, let T
be a spanning tree of a graph G, (G, T ) is the number of the components G\E(T ) with
odd number of edges. We call (G) = minT (G, T ) the Betti deﬁciency of the graph G,
where the minimum is taken over all spanning trees T of G (it will be seen that (G) is the
main invariant to determine the maximum genus of a graph G). The degree of a vertex u in
a graph G denoted by dG(u), or simply by d(u) if there is no ambiguity, is the number of
edges of G incident with u (a loop incident with u counted as twice). The minimal degree
(G) of a graph G is the minimum one among the degrees of all vertices of G. For any set
X, we use |X| to denote the cardinality of X.
2. Some lemmas
The following ﬁrst lemma due to Xuong [13] is a basic result in studying the maximum
genus of a graphG, which gives a formula on M(G) by means of (G) and (G), and also
a necessary and sufﬁcient condition on an upper embeddable graph.
Lemma 1 (Xoung [13]). Let G be a graph. Then
(1) M(G)= ((G)− (G))/2, and
(2) G is upper embeddable if and only if (G)1.
It is clear from Lemma 1(1) that the maximum genus of a graph G is mainly determined
by the Betti deﬁciency (G), for which Nebeský in [10] has given another combinatorial
expression.
Lemma 2 (Nebeský [10]). Let G be a graph. Then (G)=maxA⊆E(G) {c(G\A)+b(G\A)
− | A | −1}.
A vertex-induced subgraph H of a graph G is a subgraph of G so that any edge of G
whose two end vertices belong to V (H) is also an edge of H.
The following result provides a structural characterization for a non-upper embeddable
graph, namely, graph G with (G)2.
Lemma 3. Let G be a graph. If G is not upper embeddable, i.e., (G)2, then there exists
an edge subset A of G satisfying the following properties:
(a) c(G\A)= b(G\A)2;
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(b) For any component F of G\A, F is a vertex-induced subgraph of G;
(c) (G)= 2c(G\A)− |A| − 1.
Proof. Noticing that G is not upper embeddable, i.e., (G)2, we know from Lemma 2
that there exists an edge subset A of G such that
c(G\A)+ b(G\A)− |A| = (G)+ 13.
Nowwe choose a setA so that |A| is minimum. Then the detailed proofs of the properties (a)
and (b) can be found in [7] (see [7, Proof of Lemma 2.1]), and the property (c) is immediate
from the choice of A and the truth of (a). 
Suppose A is such a chosen edge subset of G as in Lemma 3 above. With the help of this
notion, we have the following result, a continuation of Lemma 3.
Lemma 4. Under the conditions and the conclusions of Lemma 3, let C be the set of all
the components of G\A. Then we have
(1) |A| = 12
∑
F∈C |E(G,F)|;
(2) (G)= 12
∑
F∈C |E(G,F)| − c(G\A)+ 1+
∑
F∈C (F );
(3) for any F ∈ C, |E(G,F)|((G)− 2)|V (F)| + 2− 2(F ).
Proof. Weﬁrst prove conclusion (1). By Lemma 3(b), it is obvious that the two end vertices
of each e ∈ A must belong to some two distinct components of G\A, say F and F ′, and
therefore, e belongs to both E(F,G) and E(F ′,G). On the other hand, for any component
F of G\A, each e ∈ E(F,G) must belong to A. This implies the conclusion.
Then we prove conclusion (2). We construct a new graph G∗ as follows. The vertices
of G∗ are the components of G\A, namely, the elements of C. For each edge in A join-
ing a pair of components of G\A, we make an edge in G∗ joining the corresponding
vertices. From the deﬁnition of G∗, vertices of G∗ correspond to components of G\A,
and edges of G∗ to edges in A, we thus have |E(G∗)| = |A|, and |V (G∗)| = c(G\A).
Furthermore, we see that for each vertex v∗ that corresponds to some component F of
G\A, the degree of v∗ in G∗ is exactly |E(F,G)|. Combined with the expression of
|A| in conclusion (1) of the lemma, an easy counting provides with the following equali-
ties:
(G)= (G∗)+
∑
F∈C
(F )
= |A| − c(G\A)+ 1+
∑
F∈C
(F )
= 1
2
∑
F∈C
|E(G,F)| − |C| +
∑
F∈C
(F )+ 1,
which proves conclusion (2).
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Finally, we prove conclusion (3). For any F ∈ C, by Lemma 3(b) that F is a vertex-
induced subgraph of G, we easily obtain that
|E(F) | =1
2
∑
v∈V (F)
dF (v)
= 1
2

 ∑
v∈V (F)
dG(v)− |E(F,G)|


 12 (G)|V (F)| − 12 |E(F,G)|.
That is to say
|E(F,G)|(G)|V (F)| − 2|E(F)| = ((G)− 2)|V (F)| + 2− 2(F ),
as desired. 
Lemma 5. Let G be a graph with edge connectivity k3 and with the minimal degree .
(i) if G has possibly multiple edges or loops, and if 3, then [(4− k)/(− 2)](G)1,
except that |V (G)| = 1 and k = 3;
(ii) if G has possibly multiple edges but no loops, and if 3, then [(G)/(2(− 2))]1;
(iii) if G has neither multiple edges nor loops, and if 4, then [(G)/((−2)(−3))]1.
Proof. First we have
(G)= |E(G)| − |V (G)| + 1
= 1
2
∑
v∈V (G)
dG(v)− |V (G)| + 1
 |V (G)|
2
(− 2)+ 1.
Then it is easy to see that conclusion (i) is obvious, except for |V (G)| = 1 and k = 3.
Now we prove conclusion (ii). If |V (G)|4, similarly by the inequality above, the
required conclusion is also obvious. We only consider the case that |V (G)|3. Since G
has no loops with minimal degree 2, we can assume that |V (G)| = 1. If |V (G)| = 3,
let v1, v2 and v3 be the three vertices of G, and let 1, 2 and 3 be their respective
degrees inG. SinceG has only three vertices, it is easily checked that the edge connectivity
k =min{1, 2, 3} = . Because k3 and 3 by the assumptions in the lemma, we get
that = 3. Thus
(G)= 12 (1 + 2 + 3)− 3+ 12= 2(− 2).
If |V (G)|=2, by the same way we can get that (G)2(−2). Thus, we prove conclusion
(ii).
Finally, we prove conclusion (iii). By the above inequality (G)(|V (G)|/2)(−2)+1,
assume to contrary that (G)/((−2)(−3))1, then it thus implies that |V (G)|/2<(−
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3), namely, > |V (G)|/2 + 3. With the help of the following conclusion, an excise of the
book [2, p. 42]:
Let H be a simple graph with edge-connectivity ′ and minimal degree H . If H 
(|V (H)|/2), Then ′ =H , we, thus, get k=4, contradicting the assumption that k3.
So the proof of conclusion (iii) is complete. 
3. The main results
Since we are studying the lower bounds of the maximum genus of graphs, as mentioned
earlier, we care for only such graphsGwith the connectivity k3.Also, since themaximum
genus is a topological invariant of graphs, we assume that the graph in our consideration
contains no vertices of degree 1 or 2. In this section, we shall give our results only in the form
of edge-connectivity k. Besides note that the results also hold if k is the vertex-connectivity,
for the vertex-connectivity implies the edge-connectivity of graphs. To do these, by Lemma
1(1) we ﬁrst consider upper bounds on (G) for graphs G.
Theorem 1. Let G be a k(3)-edge-connected graph with the minimal degree 3. Then
we have
Case (i): if G has possibly multiple edges or loops, and assume that |V (G)| = 1 for
k = 3, then
(G)
{
(G), = 3, 4,
4− k
− 2(G), 5.
(1.1, 1.2)
Case (ii): if G has possibly multiple edges but no loops, then
(G)
{
(G), = 3,
4− k
2(− 2)(G), 4.
(2.1, 2.2)
Case (iii): if G has neither multiple edges nor loops, that is, G is a simple graph, then
(G)


1
4(G), = 3 and k = 1,
1
3(G), = 3 and k = 2, 3,
4− k
(− 2)(− 3)(G), 4.
(3.1, 3.2, 3.3)
Proof. Inequalities (1.1) in Case (i), and (2.1) in case (ii) follow directly from the deﬁnition
of Betti deﬁciency, while inequalities (3.1) and (3.2) in case (iii) are from the papers [3,4],
respectively.We now only prove rest of inequalities (1.2), (2.2) and (3.3) in their respective
cases. First, we can exclude the case that G is upper embeddable, i.e., (G)1, otherwise,
it is not difﬁcult to know from Lemma 5 that the right-hand side of each of these inequalities
(1.2), (2.2) and (3.3) is not less than 1. Now assume thatG is not upper embeddable, namely
(G)2.We can then apply Lemma 3 and thus also Lemma 4. SinceG is k-edge-connected,
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for any F ∈ C we have |E(F,G)|k, and so∑
F∈C
|E(F,G)|k|C|. (*)
On the other hand, by Lemma 4(3) we have∑
F∈C
|E(F,G)|
∑
F∈C
((− 2)|V (F)| + 2− 2(F ))
= (− 2)
∑
F∈C
|V (F)| + 2|C| − 2
∑
F∈C
(F )
= (− 2)|V (G)| + 2|C| − 2
∑
F∈C
(F ),
that is to say, we obtain the following inequality:∑
F∈C
|E(F,G)| − 2|C| + 2
∑
F∈C
(F )(− 2)|V (G)|. (**)
Therefore, we have
(G)
(G)
= 2c(G\A)− |A| − 1
1/2
∑
F∈C |E(F,G)| − c(G\A)+ 1+
∑
F∈C (F )
(by Lemmas 3(c) and 4(2))
= 4|C| −
∑
F∈C |E(F,G)| − 2∑
F∈C |E(F,G)| − 2|C| + 2+ 2
∑
F∈C (G)
(by Lemma 4(1) and simplifying)
 (4− k)|C| − 2
(− 2)|V (G)| + 2
(by inequalities (∗) and (∗∗) above)
 (4− k)|C|
(− 2)|V (G)| . (***)
Based on the last inequality (∗ ∗ ∗) above, the proof of the required inequalities (1.2), (2.2)
and (2.3) can be obtained by the following reasons.
If G is the graph in Case (i), then it is clear that |V (F)|1 for any F ∈ C. Thus,
|C| |V (G)|. This shows that inequality (1.2) in Case (i) holds.
If G is the graph in Case (ii). For any F ∈ C, since G has no loops, so does F. Note that
(F ) is odd by Lemma 3(1). We, thus, have |V (F)|2. This implies that |C| 12 |V (G)|.
So, inequality (2.2) in Case (ii) holds.
If G is the graph in Case (iii), then for any F ∈ C, and any vertex u ∈ V (F), we see
that dF (u)−|E(F,G)| (where dF (u) denotes the degree of u in F). SinceG is a simple
graph, so is F. Thus, |V (F)|dF (u)+ 1− |E(F,G)| + 1. So
|V (G)| =
∑
F∈C
|V (F)||C| −
∑
F∈C
|E(F,G)| + |C|.
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Combining Lemmas 3(c) and 4(1) together with the assumption (G)2, we have
1
2
∑
F∈C
|E(F,G)| = |A| = 2|C| − (G)− 12|C| − 3,
namely,
∑
F∈C |E(F,G)|4|C| − 6, and thus |V (G)|( − 3)|C| + 6. By inequality
(∗ ∗ ∗), we have
(G)
(G)
 (4− k)|C|
(− 2)|V (G)|
(4− k)|C|
(− 2)((− 3)|C| + 6)
(4− k)
(− 2)(− 3) ,
implying inequality (3.3). Thus the proof of the theorem is ﬁnished. 
By means of Lemma 1(1), we now translate the upper bounds on (G) given in Theorem
1 into the lower bounds on M(G), and have the following result.
Theorem 2. Let G be a k (3)-edge-connected graph with the minimal degree 3. Then
the lower bounds on the maximum genus M(G) are given in the following table. The rows
correspond to the edge-connectivity k = 1, 2, 3. The columns correspond to Case 1, Case
2 and Case 3, which denote the three cases: G has possibly multiple edges or loops, G has
possibly multiple edges but no loops, and G is simple, respectively (in Case 1 for k= 3, we
assume that |V (G)| = 1).
k Case 1 Case 2 Case 3
1
{
0, = 3, 4;
−5
2(−2)(G), 5.
{
0, = 3;
2−7
4(−2)(G), 4.
{ 1
4(G), = 3;
2−5+3
2(−2)(−3)(G), 4.
2
{
0, = 3, 4;
−4
2(−2)(G), 5.
{
0, = 3;
−3
2(−2)(G), 4.
{ 1
3(G), = 3;
2−5+4
2(−2)(−3)(G), 4.
3
{
0, = 3, 4;
−3
2(−2)(G), 5.
{
0, = 3;
2−5
4(−2)(G), 4.
{ 1
3(G), = 3;
2−5+5
2(−2)(−3)(G), 4.
Proof. It is direct. 
In the given table of Theorem 2 above, for each k = 1, 2, 3 and each Case i (i = 1, 2, 3)
we let f (i)k () to be such a function on  so that f
(i)
k ()(G) denotes the lower bounds on
M(G) in the corresponding case. For example,
f
(2)
1 ()=
{0, = 3,
2− 7
4(− 2) , 4.
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and
f
(3)
3 ()=


1
3 , = 3,
2 − 5+ 5
2(− 2)(− 3) , 4.
With these notions, we easily verify that for each positive integer k3 and each i=1, 2, 3
the function f (i)k () is non-decreasing for 3, and furthermore lim→∞ f
(i)
k () = 1/2.
Therefore, we have the following corollaries.
Corollary 1. Let G be a k (3)-edge-connected graph with the minimal degree 3.
Suppose |V (G)| = 1. Then
(1) There exists a non-decreasing function f () such that M(G)f ()(G), and
lim→∞f ()= 12 ;
(2) lim→∞ M(G)/(G)= 12 .
Proof. Conclusion (1) is clear from the reasons stated just before the corollary. By conclu-
sion (1) and the deﬁnition of M(G), we have the following inequality:
f ()M(G)/(G) 12 ,
which implies conclusion (2). 
It is known from [3,4] that 13(G) is a tight lower bound on the maximum genus M(G)
for a 2-edge-connected (or 3-edge-connected) simple graph G with the minimal degree
3, and from [13] that ((G)+ 2)/3	, a value nearer to (G)/3, is a lower bound on the
maximum genus for a 3-edge-connected non-simple graphG if (G) = 3, 5. It is of interest
to ask under what conditions (G)/3 can become a lower bound on M(G) for a 1-edge-
connected simple graphG, or a 1-edge-connected non-simple graphG, a 2-edge-connected
non-simple graph G. The following corollaries answer this question.
Corollary 2. Let G be a 1-edge-connected simple graph with the minimal 3. If the
minimal degree 6, then M(G) 38(G)(>
1
3(G)).
Proof. Using the notation for the function f ik () deﬁned just before Corollary 1, it follows
from Theorem 2 that
M(G)f (3)1 ()(G),
where
f
(3)
1 ()=


1
4 , = 3,
2 − 5+ 3
2(− 2)(− 3) , 4.
Since f (3)1 () is non-decreasing, for 6 we have that f
(3)
1 ()f
(3)
1 (6)= 38 , implying the
conclusion. 
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Note that in [4] it is mainly proved that 14(G) is a tight lower bound on M(G) for a
1-edge-connected simple graphGwith (G)3. From Corollary 2, we improve greatly the
result in [4] if the graph has the minimal degree 6.
With the same proof as in Corollary 1, we have the following two corollaries.
Corollary 3. Let G be a graph with the minimal 3, and possibly with both multiple
edges or loops.
(1) if G is 1-edge-connected, and 11, then M(G) 13(G);
(2) if G is 2-edge-connected, and 8, then M(G) 13(G).
Corollary 4. Let G be a graph with the minimal degree 3, and possibly with multiple
edges, but no loops.
(1) if G is 1-edge-connected, and 7, then M(G) 720(G)(> 13(G));
(2) if G is 2-edge-connected, and 5, then M(G) 13(G).
4. Uncited references
[11,12].
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